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Abstract 

We find correction to the non-extremal D1D5P solution of the supergravity by 
exactly solving the differential equations of motion and by using the entropy function 
formalism. In both cases, we find the same correction to the supergravity solution. 
We then calculate the correction to the entropy using the free energy method and the 
entropy function formalism. The results are the same. 



1 Introduction 



One way of calculating the entropy of a black hole in higher derivative gravity is through 
the Wald formula [1] . Recently, it has been proposed by A. Sen that the Wald formula for a 
specific class of extremal black holes in higher derivative gravity can be written in terms of 
the entropy function [2]. The entropy function for the extremal black holes that their near 
horizon is AdS2 x S^'"^ is defined by integrating the Lagrangian density over S*^"^ for a 
general AdS2 x S^^"^ background characterized by the sizes of AdS2 and S*^"^, and taking 
the Legendre transform of the resulting function with respect to the parameters labeling 
the electric fields. The result is a function of moduli scalar fields as well as the sizes of AdS2 
and S^~^. The values of the moduli fields and the sizes at near horizon are determined by 
extremizing the entropy function with respect to these fields. The entropy is then given by 
the value of the entropy function at its extremunj^. Using this method the near horizon 
solution and the entropy of some extremal black holes in the presence of higher derivative 
terms have been found in [2], [4], [5]. 

The horizon in the extremal black hole that its near horizon solution has symmetry of 
AdS2 X S^~^ is an attractor, i.e., the physical distance between an arbitrary point and 
the horizon is infinite [6]. In this case, the values of scalar fields at the near horizon are 
independent of the values of these fields at infinity. Hence, one expects the near horizon 
values of these fields to be given by some algebraic equations, i.e., the equations that one 
finds by extremizing the entropy function [2]. We will show in this paper that in some 
non-extremal (near extremal) cases, even though the throat is not infinite, the near horizon 
values of the scalar fields are independent of the values of these fields at infinity, i.e., they 
are given by some algebraic equations. 

It has been shown in [7] that the entropy function has a saddle point at the near horizon 
of extremal black holes. This may indicates that the entropy function formalism should not 
be specific to the extremal black holes. In fact, it has been shown in [7], [8], [9] that the 
entropy function formalism works for non-extremal black hole/branes at the supergravity 
level. However, the higher derivative terms in many cases change the symmetry of the tree 
level solutions, so one can not find the near horizon solution in these cases using the entropy 

^In above discussion, it has been assumed that in the presence of higher derivative terms the near 
horizon geometry has the symmetry of AdS2 x S^^^. In the cases that the higher derivative corrections 
change this symmetry, the near horizon solution can not be found by extremizing the entropy function and 
the Wald formula can not be written in terms of the entropy function. In those cases one should solve the 
differential equations of motion to find the near horizon solution and then use the free energy method [3] 
or the Wald formula [1] to calculate the entropy. 
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function formalism, as in the extremal cases. 

In this paper we would like to show that the higher derivative correction to the near 
horizon solution of the non-extremal (near extremal) D1D5P can be calculated using the 
entropy function formalism and the Wald formula can be written in terms of the entropy 
function. We do this by explicitly solving the differential equations of motion and comparing 
the result with the near horizon solution that one finds using the entropy function formalism. 
Moreover, we will show that the entropy that one finds from the free energy method is the 
same as the entropy that one finds by equating the Wald formula with the entropy function, 
as in the extremal cases. 

An outline of the paper is as follows. In section 2, we review the construction of near 
horizon solution of non-extremal D1D5P. In sections 3, we add the higher derivative 
terms to the supergravity. We find the higher derivative correction to the near horizon 
solution by explicitly solving the differential equations of motion in section 3.1. In section 
3.2, we find the same near horizon solution using the entropy function formalism. In section 
4, we study the entropy of D1D5P system. In section 4.1, we calculate the entropy using 
the free energy method, and in section 4.2, we calculate the entropy by equating the Wald 
formula with the entropy function at its extremum. The results in both cases are the same. 

2 Review of non-extremal DlDbP solution 

In this section we review the non-extremal D1D5P solution of the effective action of type 
II string theory. The two-derivatives effective action in the string frame is given by 

where is the dilaton, iJ(3) is NS-NS 3-form field strength, and is the electric R-R 
n-form field strength where n = 1,3,5 for IIB and n = 2,4 for type IIA theory. In above 
equation, dots represent Fermionic terms in which we are not interested. The effective 
action includes a Chern-Simons term which is zero for the D1D5P solution. Moreover, for 
this solution = dCi^n-i)- The 5-form field strength tensor is self-dual, hence, it is not 
described by the above simple action. It is sufficient to adopt the above action for deriving 
the equations of motion, and impose the self-duality by hand. 

The non-extremal D1D5P solution of the IIB effective action when Dl-branes are along 
the compact (z) direction (S*^), Z^S-branes are along the compact (z, xi, X2, x^, x^j directions 
(5*^ X T^), the KK momentum P = N/R is along the (z) direction, and the non-compact 
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directions are {r,9,4),ip), is given by the following, (see e.g. [10]): 
(^^10 — (/i/s)"^! — dt"^ + dz^ + K {cosh amdt — sinh Umdz)'^ 



i=i ^ ^ 



Ctz = cothai ~ + tanhai , Ctzxi-X4 = cothag ^ + tanliag , 
where we have set the string coupling at infinity to he Qs = 1. In above, 

K(r) = ±, Mr) = l + ±^, Mr) = l + ±i^. (22) 

The three conserved charges are 

_ 1/r|^sinh(2ai) _ sinh(2a5) R^Vr'jjsmh{2am) 

VI- ^ 5 V5 - ^ , - ^ . 

The near horizon solution can be found by taking the following limit: 

< r|sinh^ai,5 , (2.4) 

In this limit ai and as are very large so sinh ai,5 ^ cosh 01,5. In terms of the new coordinate 

= + sinh^ am , (2.5) 

the near horizon solution is 

' = AV + (p2_^^)(^._^.) ^P (2-6) 

-20 _ F F ro7^ 



ri 



where 



^^1,5 = ^/fSinh^ai,5 , p+ = r// cosh a^ , p_ = r^/ sinh a^ , \^ = rir^ . (2.8) 

The above metric is a direct product of x and the BTZ black hole [11] upon rescaling 
the coordinates. The horizon p = p+ in above solution is not attractor. The physical 
distance between an arbitrary point and horizon is 

Aprfp _ Aj^/^p2-i(pUp'J + \/(P^^Pl)(P^^ 



which is finite. For the extremal case which corresponds to p+ = p_, the distance is infinite. 
For the near extremal case in which we are interested, however, the distance can be made 
as large as we want by sending p+ — > p_. So one expects the asymptotic region to be 
decoupled from the near horizon region. 

The higher derivative corrections to the supergravity action (12.11) may modifies the near 
horizon solution (12.61) . In general, they have field redefinition freedom [12,13], so one may 
choose different scheme for the higher derivative terms. It has been argued in [14] that the 
scheme in which the corrections are written in terms of the 6-dimensional Weyl tensor, the 
near horizon solution (12. 6p is not modified so it may be the reason behind the equality of 
the supergravity entropy and the entropy from counting the degrees of freedom for the non- 
extremal case [15]. In the scheme that i?^ corrections are written in terms of 10-dimensional 
Weyl tensor, however, the solution (12. 6p is modified which may indicate that the corrections 
associated with the Ramond-Ramond field have nontrivial contribution to this solution in 
10-dimensions. We will find the correction in the next section. 

3 correction 

In this section we are going to consider the string correction a'^R^ to the supergravity 
action. The correction in the scheme that gravity is written in terms of the 10-dimensional 
Weyl tensors is [16] 

where C^^'^^ is given in (12. ip . 7 = |(^(3)(a')^ and W in terms of the Weyl tensor is 

VV — Lj ^pmnq^h ^ rsk T ^pqmn^h ^ rsk ■ \^-'^) 

Using the above correction to the supergravity, one can find its effect on the non-extremal 
solution (12. 6p . This can be done by solving the differential equations of motion that we are 
going to do in the next section or by using the entropy function formalism that we will do 
in section 3.2. 

3.1 Correction via solving differential E.O.M. 

We are going to work in Euclidean space in this section. In order to find a solution in the 
presence of higher derivative terms, one should make an ansatz for the solution and then 
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find the unknown functions in tlie ansatz by solving the differential equations of motion. 
We consider the following ansatz for the solution: 



a{p) 



-2(j> 



u{p) 



TpZ 



rfr)2)+6(p) [\^dVLl^(j-)'^dx\ 

^^a'l\p)h^l\p) 



(3.3) 



F 

) ^ TpZXl 



pZXl---X4 



where a(p), b{p) and u{p) are the scalar fields. We have assumed the RR charges are not 
modified by the higher derivative correction. With the above ansatz, the Euclidean action 
becomes 
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where i and u are 



d X dp i[a, a ,a , ...,u,u ) + 'yujya, a ,a , ...,u,u ,u ) 



(3.4) 



u{p)R 



1 ^(3) _ £M7)_ 

2 3! 2 7! 



^ = V9u{p)W, 



(3.5) 



and 



pa^l\p)hy\p)rl Ffs) 



4r, 



^(7) 



4r,, 



(3.6) 



rg ' 3! rlV{p) ' 7! r367(p) " 

The Euler-Lagrange equation for the scalar field a(p) which follows from the above action 
is given by 

^2, 



d di d^ dH 
da dp da dp^ do!' 



( duj d doj d^ d'-uj 



-7 



\ da dp da! dp^ da!' 



(3.7) 



and similarly for h{p) and u{p). These differential equations are valid only to first order of 
7, so one has to solve them perturbatively. At the zeroth order of 7, the solution is (13. 3p . 
i.e., a = b = 1, u = {r^/rif'. At the first order of 7, the solution must be in the following 
form: 

a(p) = l+7a,(p), 6(p) = l+76,(p), u{p) = (^-A (l + 7Mp(p)). (3.8) 
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Inserting them in the differential equations of motion, one finds the following equations for 
the scalars ap, bp, Up, respectively: 



- pDip' - P'-)) (^\ap" + bp" + + (3/ - p'p 



22 22 22 
p P-- p+p- 



\ap' + bp' + - {l^p\ap + 7bp + 2^/] = -lp3g-3/2^-3/2 



P(/ - pIW - P'-)) [ap" + 3bp" + n/'J + ^3p^ - pV^ - p'pl - p>! 

(^p + 36p' + Up'^ - (^p^{ap - ^bp - ^Up)^ = ^P^Qr^^^Q^^^^ 

(p(p^ - Pl){p' - P'-)) (^a/' + + (3p^ - pVI - P'pl - pIp'-) 



\ap' + bp^ + (^p^(-ap + bp)^ = ^/Qf^'Qf^' . (3.9) 



The above differential equations should give correction to the near horizon geometry (13. 3p . 
Similar equations have been found in [14] for the correction to the non-extremal D3-branes 
and in [17] for the non-extremal M2-branes. In those cases, using the boundary condition 
at the horizon, one finds that the solution is a power law solution. However, the above 
equations have only constant solutions with the following values: 

( \ 1 51 
"^^^ = '-^32^^' 
27 

^^^^ = '-^32^^' 

n(p) = f^) (1+7^). (3.10) 
\ri J Sr^rg 

This indicates that the near horizon geometry in the presence of the higher derivative terms 
is a direct product of x and the BTZ black hole, as in the tree level. In [9], it has been 
shown that the tree level solution (13.31) is consistent with the entropy function formalism. 
The above result indicates that this consistency should be valid even in the presence of the 
higher derivative terms. Hence, the correction to the non-extremal solution (13.31) should 
be also found by using the entropy function formalism that we are going to do in the next 
section. We note however that there are many cases that the entropy function formalism 
works only at the tree level, e.g., non-extremal D3, M2, M5 solutions [7]. 
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3.2 Correction via entropy function formalism 

We are going to work in Minkowski space in this section. In order to find solution in 
the entropy function formalism, one should consider a general background with the same 
symmetry as the symmetry of the tree level solution, i.e., 

= AV ''^G^^^W^ ' ^ ^ ^ 

+ Y^^dz- ^dtf^ + V2 (x'dnl + (^) ^ dx', 

\ i — 1 

3 /2 

-2<p _ p _ '^}h_ _ ^ p _ 2p 3/2 1/2 _ 

rf ^7/2 ^2 

where the scalars fi, f2, Ms are constant. The algebraic equations from which these con- 
stant parameters can be found are given by extremizing the entropy function. The en- 
tropy function, on the other hand, is defined by taking the Legendre transform of function 
f {vi,V2, Us, 61,62, p) = Jfj dxH^/—gL with respect to the electric fields ei, 62, and dividing 
the result by p. That is 

F{v„V2,Us) = -(e,^ + 62^-f] . (3.12) 

p \ d6i d62 J 

Using the Lagrangian in (13. ip . one finds the following entropy function: 

W( \ VlV^yi (r, 1/2 5/2, ^ , '2vl^'^ 3/2 1/2 



r\ 3/2 7/2l05t;| - mv\v2 + ^H^l - ^^v^vl + lOSt^f, 
— V2 . . ■ . . (3.13) 



Considering the following perturbative solution: 



t;i = l + 7x, V2 = l+-iy, Us=[y] (1 + 7^), (3-14) 
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one finds the following equations 
dF 



6(x — y) 



dus 2(rir5) 

dF 3 
^ 28?/ + 4x + 82 
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dvi {nr^] 
— = ^ -2AAy + 8Ax-2Az = -. (3.15) 

0V2 [nr^y 



The solution to these consistent equations is 

51 27 fr^S^ , 33 , , , 

32(rir5)^ ?,2{rir^Y \ri J Wi"^^)) 

which is exactly the same as the solution in f l3.10p . Therefore, even though this system is 
non-extremal, the entropy function formalism and the differential equations of motion yield 
the same result for the near horizon background in the presence of the higher derivative 
terms. We now turn to the calculation of the entropy of this system. 

4 Entropy of nonextremal DlDbP system 

In the presence of higher derivative terms, the entropy can be calculated either from the 
free energy or from the Wald formula. For the systems that the entropy function formalism 
can be used to find the near horizon solution, e.g., the non-extremal D1D5P solution, the 
Wald formula can be written in terms of the entropy function which is an efficient way to 
calculate the entropy in the presence of higher derivative terms. In the next section we 
calculate the entropy using the free energy method [3], and in the section 4.2 we calculate 
the entropy from the Wald formula. 

4.1 Entropy from free energy 

Following [3] , one can identify the free energy of the theory with the Euclidean gravitational 
action, J, times the temperature, T, i.e. 

I = P^, (4.1) 

where P = -f. The calculation of the Euclidean action is divergent at large distances, 
Pmax, and requires a subtraction. The integral must be regulated by subtracting off its zero 
entropy limit, i.e. 

^= hm (4.2) 

where Iq is the zero entropy limit in which the periodicity of the Euclidean time is defined 
by Pq. One must adjust Pq so that the geometry at p = pmax is the same in the two cases, i.e. 
the black hole and its zero entropy limit. This can be done by equating the circumference 
of the Euclidean time in two cases. Having JF, the entropy in terms of the free energy is 
then given by S* = — 
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Let us start from the black hole action which will be noted by Ibh 

lBH = -T7r^ [ d^'x^C, (4.3) 
levrGio J 

where £ is given in (13. ip . Inserting the solution (13.31) in which a(p), 6(p), u{p) are given in 
f lXTU]) . one finds 



dr J dz J dils J dxi...dxA J — 7 ^ 3 3 + 0(7^)J pdp 



Vi V3 V4 

where pmax is a cutoff at large distances. The above expression is divergent at large distances 
and must be regulated by subtracting off its zero entropy limit, IacLS- It is given by 

1 Z"^" f f f rPmax / g 

^A,s= = ^1 drjdzjdn,jdx,...dx,j^ (^l-7^ + 0(7^))pd, 
1 9 



The relation between Pq and P is 



3_ W.^o( 1-7^ + 0(f)) (pLJ. (4.5) 



P' 



\ ^rmax / 



^/?( 1- , ""^ ) , (4.6) 

p— pmaa; 



which comes from the fact that the geometry of the hypersurface p = pmax must be the 
same for both cases [3]. 

Taking the limit pmax — > C)0 of the subtraction of Ibh and IacIS, one finds the free energy 
in terms of th to be 

^= Ito ( '"" : ) = -T^V,V,V, (1 - 7^ + 0(7^)) rl . (4.7) 

Pmax^oo \ p J 167rGio V 8rjrg ' 



To write it in terms of temperature, one calculates the surface gravity by KK reduction to 
9-dimension (see e.g., [18]) which has diagonal metric, i.e., 



dp 



(4.8) 

Horizon 



where 

-.2 



Grr = 9rr-—. G"" = (4.9) 

gzz 



One finds the temperature to be 



T 



27rA2p+ 27rr^/ cosh(ai) cosh(a5) cosh(am) ' 



Using the fact that the number of Dl and D5 branes, A'^i, A^s, and the boost parameter am 
are independent of temperature, one finds the following linear relation between temperature 
and th'- 

^ Th. (4.10) 



27r^fyiViiV5Cosha 



where we have used 



iVi = ^ sinh(2ai) , = sinh(2a5) , (4.11) 

and the fact that in the near horizon region sinh(ai^5) ^ cosh(ai^5). The entropy S* = — |^ 
becomes 



It is convenient to write the entropy in terms of the left and right KK momenta, Nl and 
Nn which are defined as 

T/D2 2 

NL,R=^^exp{±2am), (4.13) 

Using above relations, one finds the entropy to be 

S = 27r v/iViiV5( + v^) (l - 7^ + 0(7')) . (4.14) 

where we have also used the relevant formulas for the volume of the circle, 3-sphere and 
the volume of 4-torus as well as the the 10-dimensional Newton constant, i.e., 

V, = 27rR,, V^ = 2n\ V^ = {2nYV, do = Stt^^/ , (4.15) 

The first term in fl4.14p is the supergravity result (see e.g., [18]) and the second term is the 
higher derivative correction. In the next section we calculate the entropy using the entropy 
function formalism. 
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4.2 Entropy from entropy function 

Entropy in a higher derivative theory can also be calculated from the Wald formula [1] 

Sbh = ^tt dxHV-9HwB 9iu9up^ (4-16) 

where L is the Lagrangian density and (7^^ denotes the metric projection onto subspace 
orthogonal to the horizon. It has been shown in [2] that for extremal black holes that the 
near horizon geometry can be calculated using the entropy function formalism, the Wald 
formula is proportional to the entropy function. We have seen that the correction to the 
non-extremal solution (13. 3p can also be calculated using the entropy function formalism. 
Hence, one expects that the Wald formula in this case also is proportional to the entropy 
function. The constant of the proportionality can be fixed by comparing it with the entropy 
at the supergravity level. That is 

yV 



where F is the entropy function. One can easily check that the above entropy is the same 
as the tree level entropy (14.141) after inserting the tree level entropy function (13.131) into it. 
The above formula can also be found directly from the Wald formula [5,8,9]. 

Now, inserting the solution (I3.16p into the entropy function (13.131) . one finds the entropy 
function at its extremum to be 

^ ViV^vJl--i-^ + 0{-i^)] (4.18) 



87rGio '8^?^i 

After inserting this into (I4.17P and using (I4.13P and (I4.15p . one finds exactly the entropy in 
(I4.14p . This confirms that the Wald formula (I4.16P for the non-extremal D1D5P solution 
in the presence of higher derivative terms is proportional to the entropy function. For 
extremal case, i.e., N^. = 0, the entropy has been found in [5], however, the correction is 
different from the one in (14.140 . This is related to the fact that the scheme for the higher 
derivative terms in [5] is different from the scheme that we have chosen in (13.20 . When 
there is no KK momentum, i.e., N^, = Nl, the entropy (I4.14p is the same as the entropy 
that has been found in [8]. 

We have done the same calculation for the non-extremal D2D6NS5P solution and 
found that the correction to the tree level solution can be calculated either by solving the 
differential equations of motion or by using the entropy function formalism. In this case 
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also the Wald formula is proportional to the entropy function and it is equal to the entropy 
that one finds using the free energy method. 

The reason that the entropy function formalism works for the non-extremal (near ex- 
tremal) D1D5P and D2DQNS5P cases may be related to the fact that the near horizon 
geometry of these solutions have a throat. Even though the physical length of the throat is 
finite for non-extremal cases, the throat can be made as long as we want for near extremal 
cases. Hence, the scalar fields at the horizon are independent of the values of these fields 
at infinity. The tree level solutions of non-extremal (near extremal) D3, M2 and M5 at the 
near horizon also have throat geometries, however, the modified solutions in the presence 
of the higher derivative correction have no longer the throat. That is why the entropy func- 
tion formalism works for these systems only at tree level. For non-extremal D1D5P and 
D2DQNS5P cases, however, the higher derivative corrections keep the tree level throat. 
Hence, the entropy function formalism works even in the presence of the higher derivative 
terms. 

In fact the entropy function formalism for extremal cases [2] works in above sense. That 
is, the original Wald formula for black hole entropy holds for non-extremal black holes, and 
in applying this result to extremal case one must define the entropy of an extremal black 
hole to be the limit of the entropy of the associated non-extremal black hole in which the 
non-extremal parameter goes to zero. For example, the entropy of extremal D1D5P is given 
by the entropy of non-extremal D1D5P f l4.14p in which Nji 0. Hence, one may expect 
the entropy function formalism works for any near extremal solution which has throat at 
the near horizon region, and entropy to leading order of the non-extremal parameter can 
be found using the entropy function formalism. 
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